By means of the theory of harmonic maps into the unitary group U (N ), the authors study harmonic maps into the symplectic group Sp(N ). The symplectic uniton and symplectic extended uniton are introduced. The method of the symplectic Bäcklund transformation and the Darboux transformation is used to construct new symplectic unitons from a known one.
§0. Introduction
The construction and the factorization of harmonic maps from R 2 (or its simply-connected domain) into the unitary group U (N ) were firstly solved by K.Uhlenbeck in [1] , where the conception of unitons was introduced. Since then various developments have been contributed [2−5] . Recently, by introducing (singular) Darboux transformations, a purely algebraic method to construct harmonic maps and unitons into U (N ) has been shown in [6, 7] . This method can be also applied to the case of harmonic maps into complex Grassmannians [8] . The purpose of this paper is to study harmonic maps from R 2 into the symplectic group Sp(N ) which is a totally geodesic subgroup of U (2N ). It is different from the case of the unitary group that there is no nontrivial single factor of simplest type acting on harmonic maps into Sp(N ) (Proposition 2.1). We introduce the factor of symplectic simplest type which consists of double factors of simplest type ( §2). The conception of symplectic unitons and symplectic extended unitons is defined naturally. A theorem for the description of the action on the space M of symplectic extended unitons is proved (Theorem 2.2). Then, the symplectic Bäcklund transformation as well as the singular Bäcklund transformation for harmonic maps into Sp(N ) is given (Propositions 3.1 and 3.3). Finally, the Darboux transformation method described as in [6, 7] is used to construct new symplectic unitons from a known one via a purely algebraic algorithm (Theorem 4.2) .
Throughout this paper we are going to work on a simply-connected domain Ω ⊆ I C ∩ {∞}. All results also hold on S 2 . The notations used here will follow those in [1, 8] . §1. Preliminaries
Let I C 2N be endowed with the usual Hermitian metric and {e 1 , · · · , e 2N } the canonical basis of I C 2N . The complex structure J in I C 2N may be expressed as
with respect to the canonical basis, where I N is the identity matrix of degree N . For the sake of simplicity, we introduce the following notation of the algabraic operation:
Thus, the symplectic group Sp(N ) is defined as
which is a totally geodesic closed subgroup of the unitary group U (2N ). The Lie algebra of Sp(N ) is then
where u(2N ) is the Lie algebra of U (2N ). By direct verfication, the operator defined by (1.1) satisfies the following propertities.
Let Ω ⊆ I C ∪ {∞} be a simmly-connected domain and z the complex coordinate on Ω. Consider a smooth map φ : Ω → Sp(N ) and set A = 1 2 φ −1 dφ which is a 1-form valued in sp(N ) and can be decomposed as A = A z dz + A z dz satisfying the following conditions: 6) where ∂ = ∂/∂z and ∂ = ∂/∂z. It is known that φ is harmonic if and only if
The Lax pair of the harmonic maps is 8) whose integrability condition is just (1.6) and (1.7). Thus, if φ is harmonic and φ(p) = I for a fixed point p ∈ Ω, then there exists a unique Φ λ satisfying the equations (1.8) with
where σ(λ) = (λ) −1 . Thus, Φ λ can be normalized so that 
is a symplectic extended solution of the harmonic map
is independent of λ, as well as
It is easy to check that Φ λ defined by (1.10) satisfies the condition (1.9). Hence,
This lemma provides a way to construct harmonic maps into Sp(N ) via harmonic maps into U (N ). 
If the Laurent series of Φ
In such a case, Φ λ is also called the symplectic extended uniton. Clearly, a symplectic n-uniton is a 2n-uniton for U (2N ).
Let
where
. f # is the so-called dressing action by f . By [1] , R λ is determined uniquely by f (λ) and Φ λ .
is still an extended 2n-uniton when Φ λ is an extended 2n-uniton. We now assume that Φ λ is a symplectic extended n-uniton. From (1.9) we see that f # Φ λ is still a symplectic extended n-uniton if and only if
Such f (λ) is called the factor of simplest type in [1] . As distingushed from the case of unitary groups, we have Proposition 2.1.
. In other words, there is no nontrivial factor of simplest type in B(S
2 , G). Proof. Assume that f (λ) = π + ξ α (λ)π ⊥ ∈ B(S 2 , G) and rank π = k. We can choose Q ∈ U (2N ) such that Q * f (λ)Q = ( I k 0 0 ξ α (λ)I 2N −k ) , Q * f (σ(λ))Q = ( I k 0 0 ξ α (λ) −1 I 2N −k ) .
By writting Q
, where J 1 and J 4 are respectively k×k and (
Noting that J 2 , J 3 and J 4 can not vanish simultaneously, we have either ξ α (λ) = 1 or (ξ α (λ)) 2 = 1. In the latter case, from (2.3) it follows that |α| = 1, which implies that ξ α (λ) = 1.
In general, we have the following Lemma 2.1.
Proof. By (2.1), we have f (λ) = f (σ(λ)) * , from which it follows that
The factor f (λ) in Lemma 2.1 with (π
will be called the factor of symplectic simplest type. By Lemma 2.2, rank π 1 (= rank π 2 ) will be called the rank of the factor f (λ). In particular, for π ∈ P(2N ), if π ⊥ π ⊥ * = 0 (or ππ * = 0), then it is easy to verify that the
, where
By Theorem 6.1 and Corollary 6.2 in [1] , one can see that Φ λ is an extended 2n-uniton and [1, (20) ]), from (2.4) and (2.9) we have 
is of symplectic simplest type at a point p ∈ Ω, then so is it everywhere on Ω. Now consider actions of S 1 on M n (G). 
Proposition 2.2. If γ ∈ S
1 and Φ λ ∈ M n (G), then γ # Φ λ = Φ λγ Φ −1 γ ∈ M n (G), i.e., γ # : M n (G) → M n (G). Proof. By Theorem 7.1 of [1], γ # Φ λ is an extended 2n-uniton. It is easy to see that (γ # Φ σ(λ) ) * = (Φ σ(λ)γ ) * (Φ −1 γ ) * = Φ λγ Φ −1 γ = γ # Φ λ . Hence, γ # Φ λ ∈ M n (G).∂ π 1 = (1 − σ(α)) π 1 A z π ⊥ 1 − (1 − α) π ⊥ 1 A z π 1 , ∂ π 2 = (1 − α) π 2 (A z + β∂ π 1 ) π ⊥ 2 − (1 − σ(α)) π ⊥ 2 (A z + β∂ π 1 ) π 2 ,(3.
1)
The new harmonic maps can be written as
where γ =
(1−α)(1+α) (1+α)(1−α) ∈ S 1 and Q ∈ Sp(N ). Proof. Let Φ λ be the symplectic extended solution of φ, so that Φ −1 = Qφ for some Q ∈ Sp(N ). By using Theorem 6.3 of [1] and noting that ξ α = ξ (1−α) (1−α) . By the same reason, we see that
is also a new extended solution if and only if π 2 satisfies the second equation in (3.1).
On the other hand, by Corollary 2.2, we have
gives a description of a Bäcklund transformation for harmonic maps into Sp(N ). The factor ( π
) of symplectic simplest type where π i satisfy (3.1) will be called the symplectic Bäcklund factor. Clearly, the factor of symplectic simplest type constructed by π i (i = 1, 2) described as in Theorem 2.2 is just a symplectic Bäcklund factor.
It is known in Lemma 4.1 of [7] that every extended n-uniton can be written as a product of n factors of the form (π + λπ ⊥ ). Thus, every symplectic extended n-uniton may be expressed as a product of n factors of the form (
. We now consider the symplectic one-uniton.
Proposition 3.2. φ :→ Sp(N ) is a symplectic one-uniton if and only if
is independent of λ. Hence, by (3.4), it is necessary and sufficient that
By multiplying (3.5) 2 on the left by π ⊥ 2 and on the right by π 2 , we can get respectively π
It is easy to verify that these conditions is equivalent to (2)- (5) in the proposition. By the proof of Lemma 2.1, we can see that the extended solution Φ λ is symplectic if and only if the condition (1) in the proposition holds.
symplectic one-uniton if and only if π
⊥ ∂π = 0 and π
and π
. Clearly, such a π satisfies the conditions in Corollary 3.1. Hence, for Q ∈ Sp(N ),
is a symplectic one-uniton with the symplectic extended solution
can be used to construct a symplectic extended n-uniton
It is known that the symplectic Bäcklund transformations described as in Theorem 3.1 is degenerate as α → 0. By Theorem 12.1 of [1] , we can get the following singular Bäcklund transformations.
The proof is similar to that of Proposition 3.1. So, we omit it here. Clearly, (3.7) is the limit of (3.1) as α → 0. The factor (π 1 + λπ .
§4. Darboux Transformations
In [6, 7] the Darboux transformation and the renormalization procedure are used to construct new unitons from a known one via a purely algebraic algorithm. We now will apply this method to the construction of symplectic Bäcklund factors and symplectic flag factors via double Darboux transformations.
Let φ : Ω → Sp(N ) be a symplectic uniton which has the extended solution of the form
It has been proved in [6, 7] that Φ
(1)
is a new extended solution and
are Hermitian projections satisfying the first equation of (3.1) with α = σ(ε). Substituting (4.3) into (4.2) yields
Following [7] , π ε and π ⊥ ε can be expressed explicitly as
It follows from (4.5) and (4.6) that Φ
Clearly, Φ λ (ε) is still an extended solution. From (4.1) 2 , (4.7) and (4.9) we know that
Thus, we have
. One then can verify directly that Φ ε Φ * σ(ε) = I, which implies that Φ λ (ε) defined by (4.8) is nondegenerate for λ ∈ I C * . Here and from now on, we denote simply Φ ε (ε) and Φ σ(ε) (ε) by Φ ε and Φ σ(ε) . is a new extended solution and are Hermitian projections satisfying the second equation of (3.1) with α = ε related to Φ λ . Moreover, they can be expressed explicitly as 
